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Abstract – The critical behaviour of a two-orbital model with degenerate dxz and dyz orbitals
is investigated by multidimensional bosonization. We find that the corresponding bosonic theory
has an overdamped collective mode with dynamical exponent z = 3, which appears to be a general
feature of a two-orbital model and becomes the dominant fluctuation in the vicinity of the orbital-
ordering quantum critical point. Since the very existence of this z = 3 overdamped collective
mode induces non-Fermi liquid behaviour near the quantum critical point, we conclude that a
two-orbital model generally has a sizable area in the phase diagram showing non-Fermi liquid
behaviour. Furthermore, we show that the bosonic theory resembles the continuous model near the
d-wave Pomeranchuk instability, suggesting that orbital order in a two-orbital model is identical to
nematic order in a continuous model. Our results can be applied to systems with degenerate dxz
and dyz orbitals such as iron-based superconductors and bilayer strontium ruthenates Sr3Ru2O7.
Introduction. – A key puzzle with the iron-pnictide
superconductors is one of size: the 0.3% change in the lat-
tice constant at the structural transition is not commen-
surate with the subsequent massive reorganization in the
electronic system as evidenced incommensurate changes
are also seen in the Hall and Seebeck coefficients as well
as an enhanced tunneling signal at zero-bias in point-
contact spectroscopy [1] but most notably by a transport
anisotropy that can exceed a factor of two. As such trans-
port anisotropy is difficult to square with standard Fermi
liquid behaviour, its mere existence is of great importance
as it suggests that non-Fermi liquid behaviour underlies
the physics of the pnictides. Since the hunt for non-Fermi
liquids is at a nascent stage, a concrete model which is
capable of explaining the observed transport anomalies
is a pressing problem. In this paper, we propose a con-
crete model for non-Fermi liquid behaviour in the pnic-
tides which is also capable of capturing the origin of the
structural transition.
While on theoretical grounds such physics might be ac-
countable for in the spin sector alone, the pnictides con-
tain an additional orbital degree of freedom which, when
present, has been used successfully to explain the dis-
crepancy between the electron transport and the tiny lat-
tice distortion in systems such as the manganites and the
ruthenates [2–5]. The reason is that orbital degrees of
freedom are part of the spatial symmetry, not an inter-
nal symmetry possessed by the spin sector. Relying on
the spin to generate transport anomalies would rest then
on the magnitude of the spin-orbit effect on the Fe atom,
which is however not sufficient to give rise to such trans-
port anisotropies. The same is true in the ruthenates and
the manganites. Further, as is well known from the man-
ganites, coupling fluctuating spins with the lattice can
only yield modest changes in the transport properties [6].
We now know from the crucial work of Kugel and Khom-
skii in the context of multi-orbital Mott systems, that or-
bital degrees can acquire dynamics and hence can order
in a manner identical to SU(2) spins. Orbital ordering,
or equivalently orbital polarization, although driven by a
small lattice distortion, can yield sizable transport effects
in the electronic sector. Based on the success of the or-
bital ordering program in multi-orbital systems such as
the manganites and the ruthenates, one of us [7,8] as well
as others [9–12] has advocated that similar physics ap-
plies to the pnictdes, though not Mott insulators exhibit
many of the characteristics of bad metals. In the pnictides,
as a result of the C4 symmetry in the high-temperature
phase, the dxz and dyz orbitals are degenerate. Unequal
occupancy of the former two lowers the lattice symmetry
to C2 and sizable rearrangements obtain in the electronic
sector consistent with experiment. For example, two of us
have shown [13] using the random-phase approximation
that orbital fluctuations between the dxz and dyz orbitals
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in a five-band model [14] for the pnictides can lead to a
break-down of perturbation theory and drive an instability
to a non-Fermi liquid state.
In this paper, we approach the problem of the emer-
gence of non-Fermi liquid states of matter using multidi-
mensional bosonization [15–18]. Since we are after univer-
sal physics, rather than the starting from the complexity
of a five-band model, we focus just on a two-band model
with degenerate dxz and dyz orbitals to see if orbital fluc-
tuations can give rise to non-Fermi liquid behaviour. We
establish that as approaching the ferro orbital ordering
quantum critical point (FOOQCP), a branch of z = 3
overdamped collective modes emerges at low energies and
small momenta. When these collective modes dominate
over the low energy physics at the FOOQCP, electrons
are scattered off strongly with them, which leads to a
non-Fermi liquid behaviour. This type of non-Fermi liq-
uid behaviour has been well-studied in Hertz-Millis theory
[19,20], and it is the existence of this mode that is the fin-
ger print [13,21–24] of non-Fermi liquid behaviour associ-
ated with the d-wave Pomeranchuk instability in contin-
uum and square lattice models. (Due to the existence of
z = 3 overdamped mode, the self-energy of quasi-particle
is modified to ImΣ ∼ ω2/3, contrasts to the case of Fermi
liquid with ImΣ ∼ ω2.) We show that the emergence of
z = 3 overdamped mode in our system can be obtained
analytically and further confirmed by diagonalization of
our bosonized Hamiltonian. It should be stressed that the
system being studied in this paper is different from [25]
because the dispersions for dxz and dyz orbitals do not
intersect when interactions are present in our setup.
Model Hamiltonian. – We wish to describe a two-
orbital interacting system. Hence, our starting Hamilto-
nian contains a kinetic term of the form,
Ht =
∑
~kσ
ψ†~kσ
[(ǫ+,~k − µ)1+ ǫ−,~kτ3 + ǫxy,~kτ1]ψ~kσ, (1)
defined on a square lattice with degenerate dxz and dyz
orbitals per site. ψ†~kσ
= (d†xz,σ(
~k), d†yz,σ(
~k)) and d†a,σ(
~k)
creates an electron on the orbital a with momentum ~k and
spin σ. τi are Pauli matrices. ǫ+,−,xy(~k) can be obtained
by including various hopping parameters which vary from
material to material, their explicit expressions are given
by
ǫ
±,~k =
ǫx,~k + ǫy,~k
2
ǫx,~k = −2t1 cos kx − 2t2 cos ky − 4t3 cos kx cos ky
ǫy,~k = −2t2 cos kx − 2t1 cos ky − 4t3 cos kx cos ky
ǫxy,~k = −4t4 sin kx sin ky (2)
The definitions of hopping amplitudes t1, t2, t3 and t4 are
the same as that in [26]. It should be stressed that with
numerical values of hopping amplitudes different from [26],
the two-orbital model are capable to describe systems
other than iron pnictide phenomenologically.
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Fig. 1: Illustration of the Fermi surface patches used in the mul-
tidimensional bosonization. The tight-binding hopping parameters
are t1 = −1, t2 = 0.5, t3 = −0.6, t4 = −0.5, and the chemical po-
tential is µ = 0.5. There is two disconnected hole pockets, denoted
respectively by α1 and α2, and no electron hole pocket.
Since we are interested in an orbital ordering instability
in the charge channel, only effective inter- and intra-orbital
Coulomb interactions are considered here [27]. As a result,
the minimal interacting Hamiltonian HI is
HI =
∑
ia
Unia↑nia↓ +
∑
i,b>a
(
U ′ −
J
2
)
nanb, (3)
where U and U ′ are the intra- and inter-orbital interac-
tions, and J is Hund’s coupling.
Previously, we used RPA to show that non-Landau
damping exists in a 5-band model [13]. To set the stage
for the bosonization calculation, we discuss briefly the re-
sults of an RPA analysis on the two-band model consid-
ered here. We find that the self-energy of the quasipar-
ticle on the Fermi surface shows a non-Fermi liquid be-
haviour (i.e. ImΣ(~kF , ω) ∼ ω
λ with λ < 1) in the critical
region near the orbital ordering quantum critical point
(OOQCP). The consistency of this result with our previ-
ous 5-band model implies that it is the fluctuations asso-
ciated with the dxz and dyz orbitals that leads to the non-
Fermi liquid behaviour. Moreover, the simplicity of the
present two-orbital model allows us to do further analysis
on the overdamped z = 3 mode using a non-perturbative
approach, the details of which we now present.
Multidimensional Bosonization. – Multi-
dimensional bosonization is ideally suited to this two-band
problem because the dxz and dyz bands are quasi-1d.
Following the standard procedure [15–18, 22], we rewrite
the tight-binding Hamiltonian in the eigen-band index
in order to correctly identify the Fermi surfaces and the
interactions between quasiparticles on the Fermi surfaces.
Following the same convention used in [28], we introduce
a unitary matrix Uaν,~k such that the creation operators
in the band index can be expressed as γ†
νσ~k
= ψ†
aσ~k
Uaν,~k,
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where ν denotes α (hole) or β (electron) Fermi surface.
Using the recipe outlined by Haldane, we coarse-grain
the Fermi surfaces into N equally sized patches of width
Λ and thickness λ, as shown in Fig. 1. We enforce the
limit of λ ≪ Λ ≪ kF so that the deviation from the
multidimensional bosonization due to the processes of
momentum-transfer between patches and the effect of
curvature within each patch can be significantly reduced
[15].
In the limit of low energy and long wavelength, the en-
ergy dispersion can be linearized near the Fermi surface,
effectively reducing the kinetic term to Ht =
∑
~k ~v~k,ν ·
(~k − ~kF )γ
†
νσ,~k
γνσ,~k. It has been shown [15–18, 22] that
this Hamiltonian can be entirely described by the density
fluctuation operator defined as
δnS,ν~q =
∑
~k,σ
(γ†~k,νσ
γ~k+~q,νσ − δ~q,0n~k,νσ), (4)
where the summation over momentum is restricted to be
within patch S. Making use of the special commutation
relation between these density fluctuation operators [29],
we rewrite the kinetic term as
Ht =
∑
S,ν,~q
1
2Nν(0)
δnS,νσ,−~qδnS,νσ,~q, (5)
where Nν(0) is the density of state at ν Fermi surface
and
∑
S represents summation over patches in the limit
N → ∞ and Λ → 0, which can be changed into line
integrals along the Fermi surfaces.
Similarly the interaction Hamiltonian in (3) can be ex-
pressed in terms of the density fluctuation operators as
well. After a long but straightforward calculation, we ar-
rive at the normal-ordered interaction Hamiltonian,
: HI :=
U
N
∑
a,~q,STµν U
∗aµ
~kS+~q
Uaµ~kS
δnSµ~qU
∗aν
~kT−~q
Uaν~kT
δnTν,−~q
+
(2U ′−J)
N
∑
~qSTµν,a 6=b U
∗aµ
~kS+~q
Uaµ~kS
δnSµ~qU
∗bν
~kT−~q
U bν~kT
δnSν,−~q,
where the spin index is dropped here after. The Hamil-
tonian (6) contains forward scattering only, as this is the
only relevant interaction for nematic ordering. In gen-
eral, other types of instabilities may exist and destroy
the nematic orbital phase. However, recent Aslamazov-
Larkin type vertex correction [30] and renormalization
group studies have shown the nematic orbital phase to
be stable, thereby justifying our approach [31].
Following [22], we write the effective action for the
present bosonic theory, S = St + SI , where
St = −
1
2
∑
S,νσ,~q
∫
dω
2π
δnS,νσ,−~q(χ
0
S,ν)
−1(~q, ω)δnS,νσ,~q,
χ0S,ν(~q, ω) = Nν(0)~vS · ~q/(ω − ~vS · ~q)
= Nν(0)
(
P
~vS .qˆ
ω
q − ~vS .qˆ
+ iπ~vS .qˆδ(
ω
q
− ~vS .qˆ)
)
(6)
and
SI =
∑
~qSTµν
∫
dω
2π
[
U
N
(
∑
a
U∗aµ~kS+~q
Uaµ~kS
U∗aν~kT−~q
Uaν~kT
)
+
(2U ′ − J)
N
(
∑
a 6=b
U∗aµ~kS+~q
Uaµ~kS
U∗bν~kT−~q
U bν~kT
)]δnSµ,~qδnTν,−~q.
We have introduced a small imaginary part to the denom-
inator of χ0S to separate it into a real and an imaginary
part, which will be helpful for later analysis. One can eas-
ily check that the interaction between quasiparticles with
~kS and ~kS is different from that between ~kS and R~kS (R~kS
denotes the new momentum obtained from rotating ~kS by
π/2). This directly means that the interactions contain
both l = 0 and l = 2 channels which can be decoupled
by introducing the auxiliary fields corresponding to l via
Hubbard-Stratonovich transformations as
A0(~q) =
√
1
N
∑
ν,Sν
(c~kSν+~q
c~kSν
+ s~kSν+~q
s~kSν
)δnSν,~q
A2(~q) =
√
1
N
∑
ν,Sν
±(c~kSν+~q
c~kSν
− s~kSν+~q
s~kSν
)δnSν,~q,
(7)
where Uxβ~k
= Uyα~k
= c~k and U
yβ
~k
= −Uxα~k = s~k and the
+ and − signs in A2 correspond to the α and β band
respectively and subscripts are added to patch labels to
avoid ambiguity. Integrating out the density fluctuation
field δn leads to an effective action purely in terms of the
auxiliary fields.
S =
∫
dω
2π
∑
~q
(
A0(−~q) A2(−~q)
)(M00 M02
M20 M22
)(
A0(~q)
A2(~q)
)
,
where M00, M22, and M20 and M02 are given by
M00(~q, ω) =−B
′ +
∑
ν,Sν
B′2χ0Sν
N
(c~kSν+~q
c~kSν
+ s~kSν+~q
s~kSν
)
× (c~kSν−~q
c~kSν
+ s~kSν−~q
s~kSν
)
M02(~q, ω) =
∑
ν,Sν
BB′χ0Sν
N
(c~kSν+~q
c~kSν
+ s~kSν+~q
s~kSν
)
× (c~kSν−~q
c~kSν
− s~kSν−~q
s~kSν
)
M20(~q, ω) =
∑
ν,Sν
BB′χ0Sν
N
(c~kSν+~q
c~kSν
− s~kSν+~q
s~kSν
)
× (c~kSν−~q
c~kSν
+ s~kSν−~q
s~kSν
)
M22(~q, ω) =−B +
∑
ν,Sν
B2χ0Sν
N
(c~kSν+~q
c~kSν
− s~kSν+~q
s~kSν
)
× (c~kSν−~q
c~kSν
− s~kSν−~q
s~kSν
) (8)
and B = U/2− U ′ + J/2, B′ = U/2 + U ′ − J/2.
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It is important to recognize that the A2(0) field is asso-
ciated with the orbital ordering parameter which breaks
the C4 symmetry. To see this, one can exploit the unitary
matrix Uaν,~k to transform A2(0) back to the orbital basis,
and the resulting quantity will give the difference between
the occupation number of the yz orbital and xz orbitals.
As a result, we will focus on the region near OOQCP, that
is, M22(0) ≈ 0, and the collective modes, if any, can be
determined by the condition M202 −M00M22 = 0.
To evaluate the OOQCP condition,M22(0) = 0, we take
the limit ω/q → 0 and then ~q → 0 as advocated previously
[22]. As a result, Reχ0S(0) = −Nν(0), and the condition
for the OOQCP is(
−1 + (U − 2U ′ + J)
1
2
∑
ν
Nν(0)Iν
)
≥ 0,
Iν = −
1
N
∑
Sν
(c2~kSν
− s2~kSν
)2. (9)
Indeed, our condition for the OOQCP given in (9) is a gen-
eralization of the condition for the d-wave Pomeranchuk
instability, f2N(0) ≤ −1, in the continuous model [22,32].
Now we turn to the collective modes in the critical re-
gion near the OOQCP. The low energy and long wave-
length limit corresponds to q → 0 and ω/(qv¯S)→ 0, where
v¯S is the average Fermi velocity. A small q expansion on
M22 gives
M22(~q, ω) = −B+
∑
ν,Sν
B2χ0Sν (~q, ω)
N
(
(c2~kSν
− s2~kSν
)2 + · · ·
)
The q2 term can be separated into real and imaginary
part by the same trick. However, the imaginary part is
higher order and can be neglected. Performing a similar
analysis on M00 and M02, one can find that in the small
q and ω/(qv¯S) limit,
M22 =M
(0)
22 + i
ω
q
M˜
(0)
22 +M
(2)
22 q
2 + · · ·
M00 =M
(0)
00 + i
ω
q
M˜
(0)
00 +M
(2)
00 q
2 + · · ·
M02 =M
(1)
02 q + · · · , (10)
where
M
(0)
22 = −B −
∑
ν,Sν
B2
N
(c2~kSν
− s2~kSν
)2Nν(0)
M˜
(0)
22 =
∑
ν
B2π
NΛ
Nν(0)(c
2
~kSν
− s2~kSν
)2
×
√
(dky/dkx)2 + 1
(ω/q − ~vSν .qˆ)
′
|ω/q=~vSν .qˆ
M
(2)
22 = −
∑
ν,Sν
B2
N
Nν(0)
(1
2
(c2~kSν
− s2~kSν
)
× (c~kSν
(~q.∇)2c~kSν
+ s~kSν
(~q.∇)2s~kSν
)
− (c~kSν
(~q.∇)c~kSν
− s~kSν
(~q.∇)s~kSν
)2
)
(11)
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Fig. 2: Eigenvalues of the imaginary mode of the bosonized Hamil-
tonian for BNα1 (0) = −4.344 and qy = 0. The black dashed curve
is a the fitting with the functional form, aq3
x
. The case of qx < 0.1
is beyond the numerical accuracy with the choice of 2000 patches.
More patches are required to access to the region of smaller qx.
where the prime in M˜
(0)
22 denotes derivative with respect
to kx.
Consequently, we find that near the OOQCP (in (10),
M
(0)
22 ≈ 0), the solution to
i
ωcol
q
M˜
(0)
22 M
(0)
00 + (M
(0)
00 M
(2)
22 −M
(1)2
20 )q
2 = 0 (12)
defines the collective z = 3 overdamped collective mode.
This mode has a strong dependence on the Fermi sur-
face topology and momentum ~q. In the low-energy limit,
ω/(qv¯S)→ 0, the condition ω/q = ~vS · qˆ basically requires
that ~vS is perpendicular to ~q. Therefore, the Fermi sur-
face should be smooth enough such that for an arbitrary
direction of ~q, there exists at least one perpendicular ~vS .
This is not always the case, for example when the Fermi
surface is a perfect square. For realistic models, M˜
(0)
22 is
always finite except when qx = ±qy. This obtains because
c2~kS
− s2~kS
vanishes when ~kS,x = ±~kS,y. Therefore, there
will be no overdamped modes along the Brillouin zone di-
agonal, which matches precisely with previous studies of
the Pomeranchuk instability on a square lattice [23, 24].
It is worth making a comparison between our result and
the previous study on a continuous model by Lawler, et.
al. [22]. They demonstrated that the z = 3 overdamped
collective mode emerges close to the critical point in the
continuum model when an interaction is present in the
l = 2 channel, which is similar to the case of the itiner-
ant ferromagnetic quantum critical point [19,20]. It is re-
markable to see that such an overdamped z = 3 collective
mode exists in our lattice model as well, which strongly
suggests that the orbital order in a lattice model is es-
sentially equivalent to the nematic order in a continuous
model. Furthermore, the existence of this overdamped
z = 3 collective mode from the non-perturbative multi-
dimensional bosonization technique builds a solid foun-
dation for non-Fermi liquid behaviour since the single-
p-4
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particle Green function is changed fundamentally and ob-
tains a non-perturbative form in the presence of this mode,
as shown by Lawler et. al. [22].
Numerical Result. – The collective modes can also
be obtained by performing a generalized Bogoliubov trans-
formation [33] on the bosonized Hamiltonian which allows
us to make a direct comparison with the analytic result
obtained above. For demonstration purposes, we choose
a set of model parameters given in figure. 1 which have
two hole pockets α1 and α2 but no electron pocket.We
have just considered the fluctuations on the α1 hole Fermi
pocket which is sufficient to capture the emergence of the
z = 3 overdamped collective mode. Adding up Eqs. 5 and
6, we obtain the resulting Hamiltonian,
H =
1
Nα1(0)
∑
ST,~q
(δS,T +Nα1(0)US,T (~q)) δnT,−~qδnS,~q, (13)
where US,T (~q) = B/N(c~kS+~qc~kS − s~kS+~qs~kS )(c~kS−~qc~kS −
s~kS−~qs~kS ). The density fluctuation operator δn can be
rewritten in terms of bosonic creation and annihilation
operators [16, 22]
δnS,−~q =
√
~q · ~vSaS,~qθ[~q · ~vS ] +
√
−~q · ~vSa
†
S,~qθ[−~q · ~vS ]
δnS,~q =
√
−~q · ~vSaS,~qθ[−~q · ~vS ] +
√
~q · ~vSa
†
S,~qθ[~q · ~vS ] (14)
It can be checked that a and a† must satisfy the stan-
dard commutation relation for bosons in order to sat-
isfy the unusual commutation relation between δn [16,22].
The Hamiltonian can now be rewritten in terms of these
bosonic operators and diagonalized with a generalized Bo-
goliubov transformation.
The diagonalization of the bosonic Hamiltonian is done
with 2000 Fermi surface patches and the interaction pa-
rameters are set to the values for the OOQCP, (U −2U ′+
J)Nα1(0) = −4.334. For each momentum ~q, we diagonal-
ize a bosonic Hamiltonian with a size of 4000× 4000. The
energy of the overdamped collective mode can be identi-
fied uniquely as the only purely imaginary eigenvalue of
the bosonized Hamiltonian for each ~q 1 Fig. 2 plots the
magnitude of this purely imaginary eigenvalue λH as a
function of qx for qy = 0, which can be fitted perfectly with
a function of the form aq3x (dashed curve). This proves
that this branch of the overdamped collective modes in-
deed has z = 3. We have also checked another choice
of model parameters given by Qi et. al. [28] as a mini-
mal model for iron-based superconductors. In this case,
1A quadratic fermionic system can always be diagonalized by
a (unitrary) Bogoliubov transformation that preserves the anti-
commutation relations. However, in order to preserve the commuta-
tion relation for a bosonic system, a generalized Bogoliubov trans-
formation is required. Such a transformation is not unitary and the
resulting matrix we need to diagonalize is no longer Hermitian. It
is then possible for the eigenvalues to be imaginary which signals
an instability [33–35] in the system. In the study of Bose-Einstein
condensation (BEC) in cold atom systems, the appearance of com-
plex excitation energy is an important singature for the breakdown
of BEC.
the electron pockets have a much larger density of states
than the hole pockets, and we find that the OOQCP is
given by U/4t ≈ 1.7, which is in a reasonable range to
be experimentally relevant. We still find the same z = 3
overdamped collective mode from the technique presented
above, which supports our overall conclusion that the over-
damped critical mode with z = 3 is a general feature in a
two-orbital model close to the OOQCP.
Conclusion. – Using non-perturbative multidimen-
sional bosonization, we have demonstrated the emergence
of a z = 3 overdamped collective mode from a general two-
orbital model in the vicinity of the orbital ordering quan-
tum critical point. Since it has been well-established that
the very existence of a z = 3 overdamped mode [21–24]
completely washes out the standard Fermi liquid descrip-
tion, non-Fermi liquid behaviour should generally occur in
a two-orbital model or in a multiorbital model with degen-
erate dxz and dyz orbitals. Our bosonic theory provides
a solid non-perturbative foundation for the interpretation
of the anomalous zero-bias enhancement observed in re-
cent point-contact spectroscopy experiments on a variety
of iron-based superconductors [1, 36] as non-Fermi liquid
behaviour induced by orbital fluctuations [13].
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